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Abstract. The reduced matrix elements of a coupled tensor between (i) uncoupled kets and 
(ii) coupled kets are derived in a group-subgroup basis using the phase choices of Butler. 

1. Introduction 

The central problem in quantum mechanical calculations, using group theory, is the 
obtaining of the matrix elements of operators (Wybourne 1974). Most of the operators 
whose matrix elements we wish to evaluate are expressible in terms of one of the special 
cases of the coupled tensor operators (Griffith 1962). Butler (1975) derived the 
reduced matrix elements of coupled tensors in terms of the reduced matrix elements of 
uncoupled tensors in two cases: (1) the basis states are ordinary (uncoupled) kets; (2) 
the kets are coupled. Using the Racah factorisation lemma, he related the reduced 
matrix elements of a tensor between uncoupled subgroup basis kets to the reduced 
matrix elements of the tensor between uncoupled group basis kets, considering a 
group-subgroup chain. 

In the present paper we extend the work of Butler (1975) to evaluate the reduced 
matrix elements of a coupled tensor in a group-subgroup basis. The reduced matrix 
elements of a coupled tensor between the coupled kets of a subgroup H are expressed in 
terms of 9 j  symbols, 3jm factors of G x H  and the reduced matrix elements of 
uncoupled tensors between uncoupled kets of the group G. As in the case with the 
equations given by Butler (1975), the equ'ations derived here are applicable for finite or 
compact groups. The various special cases of the coupled tensor are discussed. These 
results can be used to obtain the reduced matrix elements of any tensor between the 
basis kets of any molecular symmetry group G c SO3, since it is easy to obtain the 
reduced matrix elements of many operators for SOS. For example, the equations 
derived in this paper are useful for calculating the reduced matrix elements of 
spin-independent one-electron operators and the spin-orbit coupling operator for any 
molecular symmetry group G c SO3. As an illustration, we obtain the spin-orbit 
coupling energy matrix elements for the d2 configuration under octahedral symmetry. 

The notation used throughout this paper is that of Butler (1975). The summation 
labels are given inside the parentheses immediately next to E. 

0305-4470/81/020349 + 08$01.50 @ 1981 The Institute of Physics 349 



350 K Bharathi 

1. Reduced matrix element (RME) of a coupled tensor between ordinary kets 

Let Pf;clE1 and be two tensor operators transforming according to the 
representations K I ,  K 2  of a group G and e l ,  e2 of its subgroup H. CI, c z  are the 
branching multiplicities of e l ,  E ~ .  Then the coupled tensor with respect to H is defined 
by 

{ p K i C i E i Q K z C z E Z } ~ E  = 1 ( K 1 K 2 ) ~ E ~ 1 ~ 2 ~ ~ ( E 1 E Z E ) n K 1 K 2 K ~ f ; c ~ L 1 Q ~ ~ c 2 ~ z  (1.1) 

where n is the Kronecker multiplicity of E in the product x E ~ ,  de is the 2j phase (8  4 of 
Butler 1975) whose value is i.1, fixed by character theory, and ( E ~ E Z E ) ~ ~ ~ ~ ~ ~  is a 3jm 
symbol with two of its indices raised (§ 8 of Butler 1975). Let Ix lA la lp l i l )  and 
Ix2A2a2p2i2) be bases respectively in the representation spaces p1 and p2 of H. Using 
Butler (1975) phase choices, the RME of the coupled tensor in (1.1) between these basis 
states is given by 

( x  l A  a p II{PKICIE1 Q K Z C 2 E 2 } n E r  lIx2A 2a2p2) 

(1.2) x (xlAlalp~IIPK1C161r1 lIxAapXxAapllQ 21/x2A2a2pd, 

where O(p*e2p2f2) is a 3j symbol which occurs in the reordering of the 3jm symbols; its 
value is i l  (8  6 of Butler 1975). This equation (1.2) is nothing but equation (19.5) of 
Butler (1975) written in group-subgroup notation for the subgroup H. Because the 
tensors in (1.2) are also tensors with respect to G, the RMES of the uncoupled tensor 
operators in the subgroup basis can be transformed into RMES in the group basis using 
(20.5) of Butler (1975). After using permutational symmetries of 3jm factors, (1.2) 
reads 

( x l A  lalpl~~{PK1CitiQKzCZE2)nat~~x2A2a2p~) 

K c s t  

= (t i  t2rlr2xAap)IE I 1'Zq5fil@(A fAKlrl) 

X @(K2A * A 2 r 2 ) ( A  " l w l " " ; f i ; ( A )  

X (xiAilJPK1"IIXA)(xA l l Q K Z r Z I I ~ ~ A ~ ) ,  (1.3) 

where (Al)"lf i l ' "Tfi .T is a 2jm factor whose magnitude is one, and which relates a group 
2jm symbol to a subgroup 2jm symbol (§ 13 of Butler 1975). The 6 j  symbols of a group 
and its subgroup are related by 3jm factors (equation (40)  of Butler and Wybourne 
1976): 

A 2  A 3  )::(AI Az A 3 }  

aiui azffz a 3 g 3  P I  pz F3 r i r z r 3 r 4  

= 1 (sls2s36lb2b3p1p2p3)(C11) b i p i ' h r p r ( ~ 2 )  bzpz'b'pT 

X ( p 3 ) b 3 ~ 3 , b S ~ ;  '1 p2* p 3  pi A Z  pLT " (aim b&2* b 3 p 3 )  s1 (b lpl  a m  b:&) 

(1.4) 
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Using the orthogonality of 3jm factors, (1.4) can also be written as 

In the light of (lS), (1.3) becomes 

2. Reduced matrix element (RME) of a coupled tensor between coupled kets 

Let l(Alalcrl; A2a2u2)mlui) and I(plblpl;  p2b2p2)m2pj) be bases belonging to the 
product spaces u1 x u2 and p1 x p2 of H respectively and ml ,  mz be the Kronecker 
multiplicities of U and p. Then the RME of the coupled tensor {PK1C1f1QKZCzf2)~  
between the coupled states is given by 

((A a u1 ; A 2a m) m U I I{PKIc 
Q K z C z E z  1 I ( p  1 b 1 P 1 ; CL ~ b 2  P 2 )  ~ Z P  ) 

This equation is nothing but equation (19.9) of Butler (1975) written in group- 
subgroup notation for the subgroup H. 

Using (20.5) of Butler (1975), (2.1) can be written as 

1 (sls2nln2)/u6p ~ 1 ’ 2 ( A l ) a 1 u 1 ’ a r u r ( A 2 ) a z ~ z ’ a ~ u ~  

K1 P I ) ” (  A; KZ 
C I E I  blP1 n l  C Z E Z  

“1 nz n 

X (AiI IpKIS1 / I ~ i l ) ( A z I I Q K z ” I I ( ~ z ) .  (2.2) 
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(2.3) 

Using (2.4) and complex conjugation of 3jm factors (Butler and Wybourne 1976) in 
(2.2), the RME of the coupled tensor between the coupled kets is given by 

( (Ala la l ;  A~azu2)mlc+l({P ' 'Q . 1 I I (p lbm;  P Z ~ ~ P Z ) ~ Z P )  
K c c K0c2cZ men 

= 1 (r1r2rssls2A*K~a*bc)~A~K~ l u ~ p l - " ~ ( ~ ) ~ " ~ ~ * ~ '  

A *  K p 
x (K)c's'*e'( a*u* 

K1 K2 K* 
X 

SI sz 3 

X (~iIIPK'S'II~i)(~~IIQKzSZII~~)~ ( 2 . 5 )  
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There are two special cases of a coupled tensor which are of interest for applications. 
The first case occurs when one of the tensors PKIc1'l, QKzCz'z  is a unit operator, and the 
second case occurs when they are coupled to give an overall scalar. 

( ( A l a l v l ;  A z a m ) m l c I l { 1 Q  211'z"11(~lblpl; I*zbzpz)mP) 

The expression for the RME in (2.5) when PKIc1'l is the unit operator 1 is 
K c s  

= c (rlrzsslA *,ua*b)lAgl I v ~ I - ~ ' ~ ( ~ ) ~ ~ ' ~ ~ ~ * ~ A  

(2.8) 

X 

x Ol/~PKlS1 I I ~ ~ ~ ~ ~ ~ / I Q ~ : ~ ~ I I ~ ~ ~ ) .  
When one of the tensors is the unit operator, equation (1.6) reduces to (20.5) of Butler 
(1975). In the second case, for the RME in (1.6) one has 

( x lA  la  I P  lll{PKICIEIQKIC1fl I * * * 111 /lxlA l a l p , )  

= 1 (r lxh)4Allhl ,  K1l-l/E1, ~111'2(Kl)C1'1'C:E;B(h ?AKlr l )  

x ( x l A l ( ( P K 1 r l l l ~ A ) ( ~ A  IIQKTr1IIxlAl). (2.9) 
As an example, consider the spin-orbit coupling energy matrices for the d2 configura- 
tion under octahedral symmetry. They were calculated and tabulated by Griffith (1971, 
p 418). Here we calculate two matrix elements using some of the equations derived in 
this section. 
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The RME of the coupled tensor { P K I C I E I Q K ; C : E : } : l  between the coupled states, when 
the tensors are coupled to a scalar, is given by, using equation (2. l), 

((Alalu1; A2~2u~)ml(+l l{P~ '~~e 'QK,c ,El}  b 1 b 1 p 1 ;  mb2p2)m2a) * * * 111 

= c (~1~2) l~ /1~z1€1-1~2~p le(u lPTETS1)  

Consider the matrix element 

The kets on the right-hand side of equation (2.1 1) are again coupled kets, and hence we 
can use equations (2.6) and (2.7) to evaluate them. Thus 

= - 4 3 ~  (1/J6) x (J3/JZ) = -.-J3/2. 

Before calculating the RME of 1, we have to rewrite the two electron states as (Griffith 
1962) 

la2hB) = /a(l)a(2)hB) (2.12) 

and 

IabhB) = ( l / f i ) / a  (1)b (2)hB) -t ( l/h)(-l)S'h'"'b Ib(l)a(2)h@) 

and then apply equation (2.7). 
Because we do not have all the 3jm factors for SO3 3 0 which are necessary to make 

use of (2.7), we use the step previous to it, namely a particular case of (2.2) when QK2""", 
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is the unit operator: 

= l (&/J2) x (JZ/J5) x JGx ( - 1 / 3 )  = -J25. 
Similarly the other matrix elements can be calculated. 
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